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Whilst studying a certain symmetric 99 49 24-design acted upon by a Frobe-
nius group of order 21, it became clear that the design would be a member of an
inﬁnite series of symmetric 2q2 + 1 q2 q2 − 1/2-designs for odd prime powers
q. In this note, we present the deﬁnition of the series and give some information
about the automorphism groups of its members. © 2000 Academic Press
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1. INTRODUCTION AND PRELIMINARIES
A symmetric design with parameters v k λ is a ﬁnite incidence struc-
ture  =   consisting of a set of points  , a set of blocks , and an
incidence relation  ⊆  × such that the following conditions hold: (i)
  =  = v, (ii) every block is incident with k points and every point with
k blocks, and (iii) every pair of points is incident with λ blocks and every
pair of blocks with λ points. The parameters of a symmetric v k λ-design
satisfy the equation
λv − 1 = kk− 1 (1)
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Without losing generality, we may order the elements of the ﬁnite sets
 and  and denote them by p0 p1     pv−1 and B0 B1     Bv−1, re-
spectively. The incidence matrix of a symmetric design  with parameters
v k λ is a 	0 1
-matrix M = mij of order v, the coefﬁcients of which
are given by
mij =
{
1 if pj Bi ∈ 
0 else
 i j = 0     v − 1
Throughout this paper we shall denote by J the all-one matrix and by j the
all-one vector of appropriate size. The conditions which deﬁne a symmetric
v k λ-design  may be rewritten in terms of its incidence matrix M of
order v in the following way:
MJ = JM = kJ (2)
MMT = k− λI + λJ (3)
We recall the following fact which emphasizes the importance of the last
equation.
Lemma 1. Suppose that M = mij is a 	0 1
-matrix of order v and that
Eqs. 1 and 3 hold. Then M is an incidence matrix of a symmetric design
with parameters v k λ.
The complementary incidence structure of  is a symmetric design with
parameters v v−k v− 2k+λ. Therefore, the study of symmetric designs
is devoted to the cases in which k < v/2. If we put N = J −M , then N is
an incidence matrix of the complementary design deﬁned by an incidence
matrix M.
A Hadamard design is a symmetric design with parameters 4n− 1 2n−
1 n − 1. It is closely related to a 	1−1
-matrix of order 4n, called a
Hadamard matrix (see [2]). The complement of a Hadamard design is a
symmetric 4n− 1 2n n-design. Some general constructions of Hadamard
designs have been found so far; the most famous one is due to Paley. He
accomplished the construction via a v k λ-difference set in the additive
subgroup of the Galois ﬁeld GFv, v ≡ 3 (mod 4, making use of all non-
zero squares in GFv (for details see [6]).
Let G ≤ Aut  be an automorphism group of a symmetric design 
with parameters v k λ, so that G has the same number t of orbits on 
as well as on . Let us denote the point orbits by 12    t and the
block orbits by 12    t , and put r  = ωr and i = i. Clearly,∑t
r=1ωr =
∑t
i=1i = v. Let γir be the number of points of r which are
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incident with any block of i. The integers γir form a tactical decomposition
for the orbits r and i, 1 ≤ i r ≤ t, and the following equations hold:
t∑
r=1
γir = k (4)
t∑
r=1
j
ωr
γirγjr = λj + δijk− λ (5)
The t × t-matrix γir is called the orbit matrix of  (with respect to G).
Evidently, the incidence matrix of a symmetric design is its orbit matrix
with respect to the trivial automorphism group.
In this paper we shall present a general construction for a series of
Hadamard designs with parameters 2q2 + 1 q2 q2 − 1/2, q an arbitrary
odd prime power, which admit an action of the elementary abelian group
of order q2 having three orbits on points and blocks of lengths 1 q2 q2.
We shall keep this ordering of the orbits, putting the ﬁxed point and ﬁxed
block on the ﬁrst place through the whole paper. It is easy to verify Eqs.
(4) and (5) for the coefﬁcients of the matrix

0 q2 0
1
q2 − 1
2
q2 − 1
2
0
q2 − 1
2
q2 + 1
2


 (6)
as well as for a reﬁnement of this matrix with respect to a certain subgroup
of order q, namely

0 qjT 0
j
q− 1
2
J + q− 1
2
I
q+ 1
2
J − q+ 1
2
I
0
q+ 1
2
J − q+ 1
2
I
q+ 1
2
J − q− 1
2
I

  (7)
The last orbit matrix is the starting point of our construction.
2. THE CONSTRUCTION
Let q be an odd prime power and denote by Q the set of non-zero squares
in GFq. Denote the elements of GFq by x0 x1     xq−1. We shall
make use of the additive group of GFq, so −xi stands for the additive
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inverse of xi. Let A = aij be a square matrix of order q, with rows and
columns labelled by the elements of GFq, deﬁned by
aij =
{
1 if xj − xi ∈ Q
0 otherwise
(8)
Further, we deﬁne matrices B, C, and D of order q by
B = J −A− I C = A+ I D = J −A (9)
Note that A, B, C, and D are all 	0 1
-matrices. The ﬁrst row of A in-
dicates the non-zero squares and that of B the non-zero non-squares in
GFq. Thus, obviously
AJ = JA = BJ = JB = q− 1
2
J (10)
as well as
CJ = JC = DJ = JD = q+ 1
2
J  (11)
Paley’s construction—referred to above—shows that—in the case when q ≡
3 (mod 4)—A and B are incidence matrices of Hadamard designs on q
points, and that D and C are incidence matrices of the respective comple-
ments.
For the existence proof of our series of designs we shall make use of
the following well known equations for the matrices A, B, C, and D. If
q ≡ 3 (mod 4), then
AT = B  (12)
AAT = BBT = q− 3
4
J + q+ 1
4
I  (13)
ABT = q− 3
4
J − q− 3
4
I + B  (14)
BAT = q− 3
4
J − q− 3
4
I +A (15)
CT = D (16)
CCT = DDT = q+ 1
4
J + q+ 1
4
I  (17)
CDT = q+ 1
4
J − q− 3
4
I +A (18)
DCT = q+ 1
4
J − q− 3
4
I + B  (19)
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If q ≡ 1 (mod 4), then
AT = A (20)
BT = B  (21)
A2 = q− 5
4
J + q+ 3
4
I + B  (22)
B2 = q− 5
4
J + q+ 3
4
I +A (23)
A2 + B2 = q− 3
2
J + q+ 1
2
I  (24)
AB = q− 1
4
J − q− 1
4
I  (25)
CT = C  (26)
DT = D (27)
C2 = q− 1
4
J + q+ 3
4
I +A (28)
D2 = q− 1
4
J + q+ 3
4
I + B  (29)
C2 +D2 = q+ 1
2
J + q+ 1
2
I  (30)
CD = q+ 3
4
J − q− 1
4
I  (31)
We recall that the Kronecker product of matrices S = sij, i = 1     u,
j = 1     v, and T = tkl, k = 1     w, l = 1     z, is the uw × vz-
matrix
S ⊗ T =


s11T s12T · · · s1vT
s21T s22T · · · s2vT



su1T su2T · · · suvT

  (32)
The obvious but important relations for calculating with this matrix product
can be found in [8].
Theorem 1. Let q be an odd prime power. Let A, B, C, and D be ma-
trices of order q deﬁned by Eqs. 8 and 9. The 	0 1
-matrix M of order
2q2 + 1 given by
M =


0 jT 0
j C ⊗A+D⊗ B A⊗D+ B ⊗ C
0 A⊗D+ B⊗ C I ⊗ I +A⊗D+ B⊗ C

 (33)
is an incidence matrix of a symmetric 2q2 + 1 q2 q2 − 1/2-design.
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Proof. Using Lemma 1, it is sufﬁcient to prove that the matrix M , de-
ﬁned by (33), satisﬁes the Eq. (3), for k = q2 and λ = q2 − 1/2. Clearly,
MMT =


0 jT 0
j C ⊗A+D⊗ B A⊗D+B ⊗ C
0 A⊗D+B⊗ C I ⊗ I+A⊗D+B ⊗ C


×


0 jT 0
j CT ⊗AT +DT ⊗ BT AT ⊗DT +BT ⊗ CT
0 AT ⊗DT +BT ⊗ CT I ⊗ I+AT ⊗DT +BT ⊗ CT

 
The rest of the proof may be done submatrixwise for this product. It de-
pends on the congruence of q modulo 4, but it is rather a simple computa-
tion which uses Eqs. (9)–(31).
For q equal to an odd prime p, let G be isomorphic to the semidirect
product of a group of order p and a cyclic group of order p− 1/2 such
that G is a group with trivial center. Such a group is commonly called a
Frobenius group of order pp− 1/2. From the deﬁning relations (8) and
(9) one gets that G is an automorphism group on the incidence structures
deﬁned by the 	0 1
-matrices A, B, C, and D. Moreover, G acts on these
structures in the same way; i.e., an element of G—which is a permuta-
tion of rows of A followed by a permutation of columns of A, leaving A
invariant—does the same with the other three matrices and vice versa, and
also leaves I invariant. As the incidence matrix M given by (33) consists
only of Kronecker products of these four matrices and I, it is clear that in
fact two copies of the group G appear as automorphism groups of the sym-
metric design deﬁned by M , each acting on one factor of the Kronecker
product. These two copies commute with each other. Obviously, similar ar-
guments hold if M is of order 2q2 + 1, q an odd prime power, replacing
G by the additive group of GFq. These observations lead immediately to
the following
Proposition 1. (i) For an odd prime p, let G×G be the direct product
of the Frobenius group G of order pp − 1/2 with itself. Then, this group
is an automorphism group of the symmetric 2p2 + 1 p2 p2 − 1/2-design
deﬁned in Theorem 1.
(ii) For an odd prime power q, let E be the elementary abelian group
of order q2. Then, this group is an automorphism group of the symmetric
2q2 + 1 q2 q2 − 1/2-design deﬁned in Theorem 1.
Finally, we present some information about the full automorphism group
H = Hp of some members of the series M = Mp, p an odd prime.
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In the cases listed below, a Sylow p-subgroup of H is always elementary
abelian, self-centralizing, and normal in H. We denote by Sr some Sylow
r-subgroup of H.
1. p = 3. Then H = 23 · 32. A Sylow 2-subgroup is dihedral.
2. p = 5. Then H = 23 · 3 · 52. We have that CS3 is cyclic of order
12 and that NS3 is of order 24. Further, S2 is abelian of exponent 4 and
CS2 = 8.
3. p = 7. Then H = 23 · 32 · 72. A complement of Sp is isomorphic
to the direct product of Z3 with SL2 3.
4. p = 11. Then H = 2 · 52 · 112 = 112 · 102/2. Further, H/Sp is
abelian of exponent 10. There are two subgroups P1 and P2 of order p
of Sp which are both normal in H. On both subgroups, H induces cyclic
automorphism groups of order 10.
It seems that the last case gives a strong hint for the generic situation if
p ≥ 11.
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